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ENAEKATH AIAAEEH



AvaAvon Fourier

TIepuodiki cuvdptnon

[eprodikn Guvdetnon

Mo cuveyic cuvdetnon f(x) Aéyeton sregrodiki pe (un undevikn) meiodo
L, av, yio 6Aa ta gnyelol X TTOU AVAKOUV GTO Ttedl0 0QLGUoU TN,
LKOAVOTTOLEL T oxéon

fx+L) =fx).
f(x)
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Av 10 L givon mtepiodog tng f(x) téte kAde TOAMATAGGLO Tov, mL, yue m
aképano, eivar emiong TteEliodog:

fix+mL) =f(x+(m—1)L+L)=f(x+(m—-1)L)="- = f(x).
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AvdAvcon Fourier
Yuvinkeg Dirichlet

>uvdnkeg Dirichlet
Mo TTEAYUATIKA GUVAQTNGN TTRAYUATIKAG HeTABANTAC f(X), TToU elvan
TreQLOdKN, Afue OTL IkavoTtolel Tic Guviliikeg Dirichlet av Ge omolo0nITOTE
TETEQAOUEVO SLdaTnio 6To Tedlo opleuoy Tng:
® Eivol wovotin Kol Guveyng, ektog (6mg attd mertepacuévo TAndog
SLoKELTOV onuelowv GToL 0TTOl0L ELPOVITEL AGUVEXELD, XWQIS OUwS Vva
aTtelplteTal.
® 'Eyel Ttemeacuévo TTARJoc UEYIGTOV Kol EADLGTOV.
® Ogplgetan ko €yel TETEQACUEVN TWH TO OAOKAQwUa TAS |f(X)| (dTTwe
Aéue, n f(x) elval aTOAVTO OAOKANQOGN).
Ou guvinkes avTég elval TTOM) YEVIKEG Kol Ol TTEQLOSIKES GUVORTAGELS TTOV
Yo cuvavticovue Ge PEAMGTIKES EPAQUOYES TIG LKAVOTIOLOUV.



Yelpd Fourier

Mo meQodkii guvdetnon f(x) ue mepiodo L, wou tkavotolel Tig
ouvdnikeg Dirichlet, umwoeel va avamopactodel wg ddpoloua direlpmv
TELYWVOUETQIKWOV GUVAQTAGEWY (NMUITOV®V KOl GUVIUITOV®OV) ue KOTAAAnA
TAATN KoL PAGELS, TNG LOQPNS

Ap, cos (QHZFX) "N Bpsin (2mL7rx) ,

ue m pn aEvntiko axépato. To ddpoloua avtd GuykAivel gty f(x) e
kdde onuelo oL OVTH elval GUVEXIG:

Ay & 2mmx - . ([ 2mmx
fix) = 5 +2Amcos( T >+ZBmsm< 2 ) .

m=1

H oepd Fourier elvan Ttavtov cuveyng. Xe onuelo aguvéxelag g f(x) n
TWA 0V TTalEvel n Gelpd elva

2 lim (fxo — &) + flxo +2)) -



Yvvtedeotég Fourier

Ou Tpayuatikol cuvteAeatés Ay, B, tng celpds Fourier evkola
VITOAOYICOVTAL OTL elvan

2 [k 2nmx
A, = Z/OCOS( £T>f(x)dx7 n>0,

2 [k 2nmx
B, = Z/Osm( T )f(x)dx, n>0.

‘Otav n cuvdetnon f(x) elvon cupueTEikri ®g TEOS To X = L/2 (11
VEVIKOTEQO, TO UEGO OTTOLOVSNTTOTE SLOGTARATOC (e urikog L), 1ote B, = 0
ko n gelpd Fourier sepiéxel uévo guvnuitova (kor atadepd 6Qo), dnAadn,
TOUG GUUUETQELKOVS GQOUG.

Av etvan avtiovuuetpiki, éxovue A, = 0 koL n Geld TEQLEYEL WOVO
nuitova, SnAAdN TOUS AVTIGUUUETEIKOVS GROVS TNG.

[Mapatnpnon

Ta OAOKANQOUOTO (LITOEOVV VO VITOAOYLGTOUV GE 0ITOL0dRITOTE StdoTnua
ue unkog L.



Yelpd Fourier yia
un JTEQLOSIKEG, TTETTEQUOUEVES GuVaQETRGELS (1/3)

H cuvdptnon f(x) dev eival amapaltnto vo eivol TeEQLOSIKA YL Vo
avagttuyxdel oe celpd Fourier: wirogel va opigeton kal va ikavoTtolel Tig
guvdnkeg Dirichlet oe éva semrepacuévo didotnua wikovg L kot vo tnv
eqrekTeivouue TR0 aTtd avtd. H eméktoon uitopel va eivar

Metatoon
Oétovye f(x +mL) = f(x) yia m = 0,£1,+2, .. ..

y

> X

—-L 0 L 2L 3L

Angovgyettan TteQLodikit guvdetnon ue meeiodo L, yevikd aGuveXiS GTa
onueio mL.



Yepd Fourier yia
un JTEQLOSIKEG, TETLEQUOUEVES GUVAQTNGELS (2/3)

Katomtiouds g meog Tig eudeleg x =mL, m = 0,+1,£2,. ..
Otovye f(—x) = f(x) oo [0, L] kou f(x + 2mL) = f(x) 6to [-L,L].

Angovgyeltal cuvexng mepLodiki guvdeTnon e mepiodo 2L.



Yepd Fourier yia
un TTEQLOSIKEG, TTETEQAGUEVES GUVOQTNGELS (3/3)

Katomtoiouds g meog ta onuela (m,0), m = 0,+1,+£2, ...
O¢tovye f(—x) = —f(x) oto [0, L] kou f(x + 2mL) = f(x) 6to [—L,L].

Angovgyeltar yevikd aguveyng meplodiki guvdotnon ue mepiodo 2L.



Muyadikn popen tng celpdg Fourier

H oepd Fourier umogpel va ypopel G O GUVOTITIKA LORON OV
Yuundoiue o6t A
e = cosf +isinf .
Evkola mokvTTTEL OTL
eif 4 it e _ o 1¥
cosf) = ——— sinf = ————
2 ’ 2i

Me avTIKOTAGTAGN GTNV TTEAYUATIKIL Gelpd Fourier €gouue

fix) = i Cm exp (.L2mL7rx) ,

m=—oo

67t0U oL wtyadikol, TAEov, cuvteleatés Cp, elvar

L
umd [fon (- e, meorsa
L/, L



Muyadikn popen tng celpdg Fourier
Tapddeypa

TTorovmTog TAAMLOS
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H wyadikn wopen tng oelpdg Fourier €xer guvteleatés
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Muyadikn popen tng celpdg Fourier
Egaguoyég

Av n avegdetntn LeTaPAnTi x elvan unkog, n mepiodog L Aéyetan
WAKOG KUUOTOC kal cuufoAitetanr cuvidmg pe to A. H mtocdtnta 27 /A
Aéyetal (Yoviakog) kupatdeuduog kot guuBoAitetar guyvd ue to k.
Tote

f(X) _ i Cmeimkx

ue
[ -
Cm:X e f(x)dx , m=0,+1,£2,... .
0
Av n avegdptntn uetapAnti guuBoiiter xpdvo, n mepiodog L

ouufoiicetan ue o T. H wogdtnta 27 /T AEyeTal YOVIOKA GUYVOTNTO
Kol GuuPoAiceTan we To w. Tote

f(t): Z Cmeimwt

ue
T .
Con = 7/ e MU )de,  m=0,+1,42, ... .
0



Awakertog uetacynuatiouog Fourier (DFT) (1/2)

Mgtopovue vo vItoAoylcouue avaAlvTkd R, yevikdteQa, aQuduntikd to
OAOKANQMOUATO GTOUS GUVTEAEGTES

L
Cu=1 / exp (—izm”")ﬂx)dx, m=0,41,42,... ,
LJ, L

Tty ue tn uédodo tpamegion: Xwelcovue to [0, L] oe n Swnctigata ue
unkog h = L/n o emidéyovue ta onpela x; = jh pe j=0,1,...,n. Xto
dkpea 1oxveL

exp (—'Lm;o)f(()) = exp <—'L2mLTrL)f(L) .

Apa yio m=0,£1,£2,..,

Cpy ~ Lgo: ( 2m7rjh>f(]h Ze p< mn]>f _




Awakertog uetaoynuatiouog Fourier (DFT) (2/2)

H oyxéon

n—1 .
=~ 1 2mmj
Cn=—-)> exp|—i i m=0,1,...,n—1
m n Z p n f; ) ) Ly ) )
Jj=0
agtoteel To Suakoitd uetacynuotioud Fourier (DFT) tng
StaxrroTtotnuévng guvdetnong f(x). Ou guvtedeatég Cp TTOU 0QICOVTOL
aztd avti T Gxéon TEOceYYIcouv Toug GuvTeAeaTéS Crm GTN GELRA
Fourier.



Awakertog uetaoynuatiouog Fourier (DFT) (2/2)

H oyxéon

Zexp( 7U)fj, m=0,1,....n—1,

agtoteel To Suakoitd uetacynuotioud Fourier (DFT) tng
StaxrroTtotnuévng guvdetnong f(x). Ou guvtedeatég Cp TTOU 0QICOVTOL
aztd avti T Gxéon TEOceYYIcouv Toug GuvTeAeaTéS Crm GTN GELRA
Fourier.

IMopatrignon
H Sakprromoinen Siatneel uévo n cuvtedestés Cr KoDdS 16YVEL N Gyéon

Chin = fZexp< M) Zexp( )exp(—i?jw)fj
fZexp< el W)f, Cn .




Avtioteo@og drakoltog uetacynuoatiouos Fourier IDFT)

O avtiotEo@oc Sakltdg uetaoynuationds Fourier opltetar wg
B 2jrm =
fi= Zoexp(in) Cn, Jj=01,....n—1.
=

KOl TTQOGEYYICEL TIG TWES fj TNG GuUVAQETNGNG.

IMTapatnpnon

O mapdyovtag 1/n mov ;oAlamAaactdgel To ddpowoua oto DFT elvan
Yéua ovufaong. To yvouevo TwV GUVTEAEGTWV TEWV T adQoloUaTo GTIS
eglowoels tov DFT ko IDFT mpémer va eivon 1/n, ou akeipelc TWES Toug
elvarl aTteoadioglates. o Adyoug GuureTiag oL LETAGYNUATIGULOL
UITOEOVYV VO 0QLOTOUV Ue €va Trapdyovta 1/4/n wou moAlamtAactdier To
dBpotoua Tov KadeVHc.



Toniyopog vroAoyioudg tov DFT — AAyépuduog FFT (1/3)

Ta tov vtoAoyiopd touv DFT, ovclactikd twv cuvtedectodv Fourier,
uItoQovEe va epapuocovue alyoQLdnLous TTov VITOAOYIZOUV TaUVTAXEOVA
6Aa T Cry, ERUETAAAEVOUEVOL TIG GUUUETQIES TTOV eU@AVIOVTOL, ol Vol
vToAoyicovue kdde ddpoloua gexwEloTd. Oa TTAQOVGLAGOVUE TOV
aAyopwuo Fast Fourier Transform (FFT).

"Eotw 6T to n etvon 8Uvapn tov 2. Xweltovue To ddpotopa Gtov THITo
Tou Ci, 6 adpolouata pe dETo Kol TTeQLTTo delktn j:

n—1
Zexp ( 2m) )ﬁ

et 2mm2r et 2mm(2r + 1)
T T
Zem( )f2r+ Zexp( 7)102,“:
r=0 n
n/2—1 n/2—1

Z exp (  2m /2 )f2r + exp (—'LzmTﬂ) Z exp (—i2:1/7;r>f2,+1 .

r=0 r=0



Toniyopog vroAoyioudg tov DFT — AAyépuduog FFT (2/3)

IMopotnerate 6T oL 6oL
n/2—1 n/2—1

> exp <_i2rlz7;r)f2r K Y exp <—i%)f2r+l

r=0 r=0

efvar ovolooTkd ou Srakoirol uetaoynuotiouol Fourier yia §0o civoia
TWOV TG dtakrrotonuévng f(x)- To €va amoteleltal asrd To cnuela fj
ue dpto Selktn kol To dAAO aTtd Ta onuelo ue TeELTTd deiktn. To
TAYog Twv onuelwv oe kdde GUvolo etvan /2.

Ag cuuBoiicovue ue C5,, C% TOUG GUVTEAEGTES GTOUS S0
uetacynuaticuovs Fourier, Tov «dQTio» Kol TOV «TEQLTTO» avtictoyyo. H
Jrponyovuevn gxéon divel

= 1 /n_. n 2mm\ - e —i2mx /n 7o
Cn = E (§Cm+ §CXP (7"7) Com) = 5 (Crn+e Ame/ Cm) )

yvam=0,1,...,n—1.



Toriyopog vitoAoyioudg tov DFT — AAyépduocg FFT (3/3)

H etlcoon
_ 1 /- . _
Cm — 5 (Crcn + eft2mvr/ncgl) ,

yviam=0,1,...,n— 1, ekpedtel 6TL 0 vItoAoyiouds Tov DFT n onueinv
agtowtel Tov vrodoyioud dvo DFT twv n/2 cnueiov o kadévag. H
GUYKERQWEVN avdAvcn UItopel va yonotwotowndel yio Tov vIroloyioud
Tov véwv DFT avamtiocovtdg toug e 1€a6epls guvolkd DFT tov n/4
onueiwv o kadévas. H dradikacio ot emavalaupdvetor €wg GTou
kataArigovue oe n DFT tou evic onuelov o kadévag.

O vrtoAoywoudg tov DFT evdg onuelov etvor TToAD e0KOAOG: OTtd TOV
0QLOUO TTEOKVTTTEL OTL 0 (LOVABIKOS) GuVTEAEGTIG TnG Gelpdg Fourier efvar
n T Tng GUVAQETNGNS GTo Gnyelo.

Ttov aAyéewuo FFT o vmoloywopds kade cuvtedeoti Cy astoutel 2log, n
wyadikoVg ToAATIAAGLOGUOVS. ETTouévmg, ol n GUVTEAEGTES XEELALOVTAL
2nlog, n wEdges avti yio n’® mov asartovv ta adgolouata.



MéBodoc Clenshaw-Curtis (1/4)

Soupova ue tov kavéva oAokAnpwong Clenshaw-Curtis pitopoiye vo
VTTOAOY(GOUUE €vOL OAOKAQMUA TNG LOQONS

1
(x)dx

-1

W¢ €& emAéyovue ta n+ 1 (ue n > 1) un wagméyovta onueia

im .
xi=cos|— |, (=0,...,n
n

gto Sidotnua tng oAokApwong. Katdmiv, folorkovue To TTOAVGVULO
TTOREUPOMIS TTOU TTeEVd amtd ta onueta (X, f(x;)), To omoio
OoAOKANQE®OVOUUE AKREPBOS.



MéDodog Clenshaw-Curtis (2/4)

Muropel va Seiydel 1L GTov TOTO

1 n
foodx = S wif(xa)
-1 i=0
Ol GUVTEAEGTEG W; elval TOTE
w; = = i) b 72ij7r 0 n
L n 1 _ 4 2 n ) - ’ k) k)

O6TTOV | X] TO AKEEOLO UEQOS TOU X KO

1, j=0 1, i=0
bi=¢ 2, 0<j<n/2 |, =1 2, 0<i<n
1, j=n/2 1, i=n



Médodog Clenshaw—-Curtis (3/4)

H uédodoc Clenshaw-Curtis vitoAoyltel To TnTovUevo OAOKANQMUAL LLE
akpifela cuykplown ye tn uédodo Gauss-Legendre n onuelwv. "Exet
TIAEOVEKTAUOTO EVOVTL QUTAG OTL
® oL kOUPoL X; VTTOAOYIZOVTAL EVKOAQL,
® 0L GUVTEAEGTEG W; UITOQOUV VOl TTROKVWYOUV aTtd aAydetdioug yia
yoriyoeo vmoloyioud tov Stakertov yetacynpaticuoy Fourier,
® 0oL SLadoYKES EQAQUOYES TOV TUTIOV Yio 1, 21, 41, . . ., TTOU XEELAToVTOL
yioL Thy ekTiunon tng axkiPelds tng, xEnouoItolovv Kowous KéuBoug.



MéBodoc Clenshaw-Curtis (4/4)

Ogpltouue to Sidvucua v, n 9€cewv, we €ENG:

2 1
= — k=0,... 2] -1
Vi 1 — 4k? n271+(nm0d2)’ym - Ln/2
Vinj2) = n-s 1+ ! ((2 - (nmod 2))n —1)
2|n/2] -1 n? — 1+ (nmod 2)
Voek = v, ywk=1,...,[(n—-1)/2].
Muropel va Serydel 1L o1 guvteleatés wy, ue i = 0,...,n — 1, TTEOKVTTTOUV

agtd to Stokertd petaoynuatiopwd Fourier (DFT) tou Staviouotog v kot
GUVETIMOGS UITOQEL Vo yenoyogtotndel yia TOV UTTOAOYLGUO TOUGS O
alyoprduog FFT. Evkola alveton eTtiong 6t w, = wy.



DA



